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High Order Linear Differential Equation

1.Linear Differential equation

— ﬁﬂ’;‘ﬂ%;&)
Y@+ P )Y A POY + R ()Y =1(X)
Ly=r
L=D"+P_(X)D"* +...+ P,(X)D + P,(X)
. d
~dx

= r(x) =0...homogeneous
r(x) = 0 ...nonhomogeneous
L iy kL L(cy) = cL(y)

L(y, +Y,) = L(y,) + L(Y,)
##i L £% linear operator

y iSRS y =y, +y, (homogeneous + particular )

Yo =CY1 FC Y, +C3Y3 +..Ch Y,

® y"-3y'+2y=0 = y, =e"RF
y, = > Byt
= y =06~ +ce”t bt

Linear Dependence

N EEFEEY, > Y, e Y, tﬁz%@'\[itﬁ[%%

CoYs + €Y, +CaY5 +.uC, Yy 2O > ke v cp v v 6 T ERL O F\, HIPE £ RS R (linear
independence-)

FYL Yo o KLSEAT o ) P 2D E - BT R P
(linear combination) FFHE ¢y, +C,Y, +Cy; +..C,Y, =0 > F ¢, =0 > fIl

@ y,=e"» y, =e” E{THix ?J Y, FILYp AR 2
C,y,+cC =0 e
PS : {”1 Y270 6o TR Hlo=

i Y,
Cy; +¢,y; =0 !
If w=0[Pa

!

Yi Y2

X 2X
o= 22X=e2X¢0
e e
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C, ~ CHEFE = vy, Ay, .

Wronskian
fJ AR A Fﬂg\(r, 7£& wronskian
yl y2 yn
7B 7 A
o= . : .
y(n—l) y(n—l) yﬁ”’”
FET X0 @20 0 [y, Y, e Y, U

iYL Yo e . yn,?&kl‘iE?FE'F—%J "Mo=0 - (I 7-ERst)

® ylzeﬂix ) yzzelzx ) ysze/IGX y L yn:e’lnx
e e L e 1 (¢ N}
o= 21eﬂix /’LZelZX /’Lnelnx :e(ﬂi+ﬂz+ﬂg+...+ln) Z’l 2’2 ﬁ“n
ﬂ;—leﬂix ﬂrzl—le/lzx ﬂg—lelnx 2{\—1 lg—l /1:—1
1 1 ... 1
A A
(0,27 D
ot Loat
n(n-1)
= D,=(-1 * [Jt&~%)
j>i

FE AR = Y Y sy, AR I

@ y, =c0osXx . y,=sinx

COSX "~ 1sin'x
= 0= =1+0

—sin X cosx
=y, Ly, At

® ¥y =Xy, =XX kLA RS 2

2 2
X X
= x>0 o= =0
2X  2X
2 2
X" =X
= x<0 > o= =0
2X  —2X
= ¢, x> +¢,XX =0
x=1 C,+C, =
= = ¢, =¢,=0
x=-1 c,—¢,=0
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= YAy, SR

&R v

2.Homogeneous Equation with Constant Coefficients

— ﬂg'ﬂ% =

y® +a, Lyt 4
}‘F:] y= e® 7 Bt
= A"+a, A"+

+a,y'+a,y=0

+al+a,=0

@ y'-3y'+2y=0 (AFOFUTIFE UG

= Let y=e*

= Ae*-31e"+2e*=0

A -32+2=0

=
= (1-2)(1-1)=0 = 41=12
=

X 2x
y=ce" +c,e

@ y'+y=0 (AL

— y:eﬂx

ELH B RRASL)

= 2 +1=0 = A=+i

= y=ce”+ce™

(e™'=cosx+isinx)

= ¢, (cos x +isin x) + ¢, (CoS X —i'Sin x)
=@, COS X + a, Sin X (a, =c)+c, » a,=ic, —ic, )

® y"-5y"+9y -5y =0 =>Let-y=e™

};'[Tfi ( multiple roots)

= -5 +91-5=0

S (A1) —44+5)=0

= A=2+i2-il1

= y=ce*+c,e® +c,e®" =ce* +c,e” cosx+c,e’ sinx

Ergss D AR A=A =2 =

I = (G X+ CoX 7 +

)eix

S 3 D BT Hr A=A = A1

e
y =c,e™ +c,e” =cle™ +c)
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A== = y=cie™+c,xe”

@ y"+4"-3y'-18y=0 = Let y=¢™
= 2P +44*-31-18=0
= (1+3)2(1-2)=0 = A=-3-32
= y=ce > +c,xe ™ +c.e”

® (D*+8D°+16)y=0 = A'+81°+16=0
= (A*+4)*=0 = 1=2i2i-2i-2i
= y=(c, +C,X)C0s2x +(Cy +C,X)Sin 2X

® y"-3y"+3y'-y=0
= 2 -31+31-1=0
= (1-1)°=0 = 1=111
=y =(C, +CyX+Cyx*)e¥
if y(0)=y'(0)=0 - y"(0)=2
y(0)=0 = ¢, =0
y'(X) = c,e* +c,xe* +c,(2xe* + x%e*)
= Y (0)=0 = ¢;=0
y"(X) = c,(2e* +2xe* + 2xe* + x’e*)
= y'(0)=2=2¢c; = ¢, =1
y = x%e”
@ y? +18y® +81y" =0
= A +182° 8117 =0
= P@A+3)’(A-3)°=0 = 1=0,0,0,3i,3i,~3i,-3i
= Y =C;+C,XA4LC X7+ C, COS3X + C, SiN3X + C,XCOS3X + C, XSin 3X

3.Cauchy-Euler Equation

(x"D"+b,_x"D"" +
y'~ x“

...... +b,xD+b,)y=0

@ 2x*y"-5xy’+3y=0 = Let y=x* = y" =a(a-1)x*"
= 2a(a-1)-5a+3=0
= 20°-7a+3=0 = a=13

= y=cX +0,x°
@ x*y"—xy'+5y=0
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= Let y=x“

= ala-D)-a+5=0 = a’°-2a+5=0 = a=1+2i
y=a1Xl+2i+a2Xl—2i

x4 =" =@M = cos(2In x) +isin(2In x)

= y=a;x[cos(2Inx) +isin(2In x)] + a,x[cos(2In x) —isin(2In X)]
= ¢, Xcox(2In x) +c,xsin(21n x)

® x’y"-2xy'+9y=0 = Let y=x"“

= ala-1)-2a+9=0 = @’ -3a¢+9=0 = a:gig\@i

3 3V3 3 . 343
= y:clxzcos(T\/_ln x)+c2x25|n(T\/_ln X)
Efl A=24=4,
y =C, X" +C,x"
by
X" — X
=cx* +cp T
/11_/12
2> Ay =
— = cx* +xx(Inx)
Syl

(ixﬂa :ieﬂm'nx = (In X)XZ“ )

dA dA

@ xX°y"—x*y"+xy'=0-"=5 Let .y = x“
S ale-)(a-2)-a(a-1)+a=0
= adla’ -3a+2-a+1+1]=0
= a(@-2)°=0 = a=02.2
= y(X) =c, +C,x* +¢,x*(Inx)

4.Nonhomaogeneous Equation

Ly(x).= r(x) r(x) =0 L : f#E} > cauchy-eular ]
Lyh (X) =0
y=Yy,+Yy, p: particular

@ Yy -4y +4y=09" = P -44+4=0 = 1=22
= Y, =(c, +C,x)e*
= y,=ae” = a(-1)°-4a(-1)+4a=9 = a=1
= y=(c,+C,x)e”* +e~*
Dense-rnys 20 &
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@ y'-y=-5sin2x = 1 -1=0 = A=1-1
= y, =ce*+ce’
y, =asin2x = vy, =2acos2x = y; =-4asin2x
—-4a-a=-5 = a=1
y =Ce" +c,e " +sin2x

RV

Method of Ondertermined Coefficient

Ly =r(x)
Y=Yn*+Yp
FUITE r(x)=c Yp =G

r(x)=x" Yo =CoX" +C X"+ C X+ C
r(x)=e" y, =ce”
r(x) =sinbx Yy, = ¢, sinbx +c, cosbx
r(x) = cosbx Yy, = ¢, sinbx +c, cosbx

® y"-2y'+y=6sinx

Yn = (Cl +C2X)ex
y, =asinx+bcosx
Yy, =acosx—bsinx

v’
=
=
=
=y, =-asinx-bcosx
= (—asinx—bcosx) =2(acoesx = bsin x) + (asin X+ bcos x) = 6sin x
= a=0>b=3
= y=(c, +CsX)e"+3C0SX
® y"+3y"44y'¥2y =170c0s3x
= A 43P+4142=0
= A1 +D(1+2)+2(1+1) =0
A+DA* +24+2)=0 = A1=-1-1%2i
Y, =Ce +C,e " cos2X +C,e " sin2x
y, =acos3x+bsin3x 7 y" 43y + 4y + 2y =170e™*
[(3i)° +3(3i)* + 4(3i)) + 2]A =170
170 34  5-3i
~_25-15i -5-3i 5-3i
Y, = Ae" = —(5-3i)e™ = (-5+3i)(cos3x +isin 3x)
y, = Rey, =-5c0s3x —3sin 3x

J

= —(5-3i)

L

F LR T
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jEII I—y = AXjeCX

(1) ¢ A2 Ly AL il
y, =% (Ax) +..+ AX+A)

(2) ¢ AT Ly AR AU (CFp m AR
Y, =X"(AX) 4o+ AX+ Aye”

® y" -4y +4y=12xe*
= Let y, =e™

= P -41+4=0 = 1=22

2X 2X
y, =C.e”" +c,xe

b Ul

Yp = X* (Ax+ Ag)e™
Yy = (BAX? +2A X)e™ + (A X® + Ajx*)2e*

=[2AX° + (3A, +2A))x* + 2A x]e*

U

U

Xe” FUFEr T 2(3A +2A)) +6A —4(3A, +2A)) +4A, =0
X URTHE T AR+ (BA +4A) =4 2R, =12 = A =2
e fUFHr 2A0 =0 = A =0
= y=(c, +C,x)e* +2x’e™

® y'+2y'+y=xe* »y(0)=0" y'(0)=1
= P +21+1=0 = A=-11

= vy, =(c; +C,x)e?

= Y =X(AXFA)E

3

= y=ce+cyxe’ +€e*X

@ ym_ynzzsinx_Sex — 23_1220 = 4=0,01

=

=
=
=

Y, =C, +C,X+Cze"

y, =asinx+bcosx+ Ae*x
a=1>Db=1> A=-5

Y =C, +C,X+C,e" +5in X+ C0S X —5xe*

Variation of Parameters ( Zgjiigp 1k )

Doz e-mmyes
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yp = [6AX* +(6A +4A)Xx+2A1e™ +[2A X% + (3A, +2A,)x* +2A,x]2e*
X FURTHr T 4A —4(2A) +4A =0
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2x

@ y' -3y +2y=——
e”+1
= Let y; —3y; +2y, =0
= Let y, =e”
= a’°-30+2=0 => a=12
=y, =Ce* +c,e”
F%yp =, (X)e* +c,(x)e™
y, =ce* +2c,e” +cie* +cye™
yr =ce* +4c,e™ +ce* +2c;e”

ce*+ce” =0
2x

e
cle* +2c e =——
e’ +1
= C = e C, = !
eXsl 7 o'l

= ¢, =Ine*+1) > c,=Inl+e™)
= y=ce+c,e”+e*In(e* +1) +e*InL+e ™)

@ y"+2y'+y =§e‘X
= A +21+1=0 = 1=-1-1
= y,=ce  +c,xe’"
=y, =C(x)e7 +c,(x)xe”
Y, =C (-7 ) +Ccy(e "~ xe ") +cie +coxe
Y, =Ce " +Cy(-8 ")~ Coe T HC,xe T —cle +Cy(eT —xe")
= ce“+cyxe =0
—Ce " +Cy (67 —xe™) = %e‘x

AL\ 1
=>cef==e" = c,=— = ¢, =Inx
X X

cr=~1 = ¢, =—X
= y=Ce “+c,xe "+ x(Inx)e™™

@ X" —xy'+y=xInx
= Let vy, =e”
= ala-)-a+1=0 = a=11
= Y, =CX+C,XInX
= Y, =G (X)X+c,(x)xInx
= Y, =¢ +C(Inx+1) +cix+cyxInx

Doz e-mmyes BaE
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=Y, =cl'+c2(§)+c;(lnx+1)

{cl’x+c;xlnx:0

=
x’[c] +c,(Inx+1)] = xIn x
2
U P (.17
X X
1 1 (Inx)°
= ¢, =—(Inx)* » ¢, ==+
2 2( ) 1573
1 TR 2 1 3
=Y, =[—§(Inx) ]+[E(Inx) ](xlnx):gx(lnx)

1
= y:clx+c2xlnx+€x(ln x)?

® y"+y=secx
= A+1=0 = A=+4i
= Y, =C, COSX+C,Sinx
= Y, =C,(X)CosX+C,(x)sin x

C,COSX+C,Sinx=0

= .
C,(—sin Xx) +c, cos X =Sec X
,__sinXx ,

= ¢ =—"¢,=1
COS X

¢, =Incosx > ¢, =x

=
= Y =, COSX+C, SinX+Xsin X+ cos x(Incos x)

® y"+y=secx
= P +1=0,=> 1=4i
= Y, =C, COSX+C,sinx
=Y, = (X) cos X+, (x)sin x

G/ COSX+C,SinX=0
C,(—sin x) +C, COS X = CSC X

COS X
SIN X

= ¢, =-X  C,=In(sinx)
= Yy =C(,COSX+C,Ssin Xx—xcosx+ (Insin x)sin x
® xy"-3xy'—-5y=6x"
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= Let y, =x“

= a(a-1)-3a-5=0 = a=5-1

= Y, =C X +C,x°

= Y, =C ()X +C,(x)x°
cxt+epx’ =0

’ 1 1
(- 5) + ¢y (5x )] = 6

!

1
= C,=— = C,=Inx

X
= ¢ =-x = Cf—%xs (e, ()X P RLx? ’EH‘J—%”FI‘ 7 6, (00X HI)

- 1
=y=cX'+c,x° +(—g+ln X)x°

©) y”—gy'+%y:xlnx
X X
= Let y, =x“

= ala-)-2a+2=0 = a=12

= Y, =CX+C,X°
= Y, = (X)x+c, (x)x*

cIX +#Cpx* =0
:> ! !
Ci+ 26X =XInx

= ¢c,=Inx = ¢, =xInx-x

' 1 2 l 2
= €, =—XInx = ¢, =—=x"Inx+=X
2 4
2 l 2 1 2 2
= Yy=CX+C,X +X(_EX Inx+zx )+ x°(xInx—Xx)
1 3
=X+, X2+ =X Inx—=x°
2 4

X>(X+1)y"—2xy’'+2y =0 Sy = X K- i
Dyrmsn-mnys B325 3
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= Let y=cx > y'=cx+c > y"'=c"x+2c’

= X*(x+D(c"x+2c") - 2x(c’x +C)+2cx =0

= X'¢"+2x%" + x%¢" + x°2¢' - 2¢'x* — 2cx + 2cx =0
= (X+Dc"+2¢'=0

= Letc'=u = (x+H)u'+2u=0

du  2u

= — =
dx x+1

= Edu = —Zidx
u X+1

Inu=-2In(x+1)+d
u=d,(x+1)?=c" (d,=e*)

U

U

1
= c=-0,—+e
x+1

1 X
= y:x(—dlm+e) :clm+czx (—=d,=c,~e=c,)
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