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Simple Harmonic Motion :

§ |:i_|j_|j_~'~— pas —>F(t)

mX + cX + kx = F(X)
Let x, =e™
1. mA*+cA+k=0
o A=t [ct(c?-2mk)]
2m

@ c¢? <4mk : [y H G underdamped

@ c*>4mk : x (t)=ce™ +ce™ » 4,4, eR
overdamped > 4,4, <0

® c? =4mk : x(t)=ceMcte™

2. m¥X+kxi=Asinot

. A .
X(t) = ¢y cosawt + ¢, sin wt + —————sin awt
m(e® — o))
jEI| W=, ( * _0)12 =(o+o)(0o-wv))
. A
X(t) =c, cosat +c, sin ot ————cosat ......... resonance
2mw
18 PR B

Electric circule :

R Qo dr_
V(O -RI-Z-L =0

2
Ld—2I + Q + Q_ V(1)

dt at
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Gamma function :

r(v)= J':e“t”'ldt v v>0

@)= jo“’e-‘dt = —e-‘[: =1
Ir'v+1)=v(v)

pf : T(v+1) = j:’e-‘tth

= tV(—e-t)\: - jo""v-tv-l(—e-‘)dt
='(v)
v RLF IR v =n
I'(n+1) =nI'(n)
=n(n-1)I'(n-1)
=niTr(1)
=n!
Ol=1- 0I=T(1) » T})=r

pf : r(%):j:e—‘t‘%dt
t=u? .,
= IO eu2udu
= ZJ:C e’ du
( fwe‘“zdu _ j: eV (=du)= Iowe‘“zdu )
TGP = (] e du)([~e " dv)

00 00 2. 2 R
=.[ I e “Idudv u=rcosd > v=rsing > u?+v?=r?
—00 W—00

= LZ” j: e rdrd &

Lot
2
r()=+r
o _ Loy V7
F(E _Zr(z)— 2
sy_3 1oy _3
r@=--5re 4&
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I:e’s3ds = J.:e" (%t‘?dt)

Lty 1o
—gjoet dt=-T()

Bessel’s Equation :

XY Xy + (X =v*)y =0 (v 1} VR
x = 0 %L regular singular point
Let y=> ax""

n=0

o0

= Ya,(+r)n+r-Dx"" +> a (n+r)x"" +> ax""*-v*> a x"L.=0
n=0 n=0

n=0 n=0
[r? =vla X" +[(r +)r +r +1-v’Jax™ + > {[(n+r)(n+r-1)+(n+r)=v]a, +a, X" =0
n=2

r’—v?=0 = r=+v = r=r,=v{t* x"fUFHr
(r+1)°=v: =077 (. (r+1)°=v*)
a,=0 = [Fta, nﬂfﬁ@’r
[(n+V)(n+v-D+(n+Vv)-Vv’]a, +a, ., =0

1
—an—Z
n(n+2v)

J

u Ul

2
(n°+2nv)a, +a,,=0 = a,=-

1 1
& =1 n(n+ 2v)][_ (n-2)(n=2+ 2v)]a”’4

D" 8¢ . T ELPYE

T2 mI(L+v)...(m= V)

U

nl=n(n-2)(n—4)...2

" om(2m = 2)(2m~4)..2
=2".m
[ 2V)(n£20=2).. ] = (2m+2v)(2m+2v—2)...(2v+2)
=2"(m+v)(m+v-1..(v+1)
D™ v

Sy (M=123)

11
2" vl 2'T(1+V)

SEE _
= . ao_

1 2m+v
=J,(x)= z D7E™ ( Bessel function of the first kind of order v )
emiC(m+v+1)
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v @ T(x)= j“’e-ttx-ldt
& J: 0
@ T'(x+1)=xI(x)
| '-1‘3.3313 @ -1
24048 | - ® T(@)=vx
e Ju(\i) = I'(M+v+1)=(m+v)!
‘ = I'(n+1)=n!

r=—v = y,=J,(x) > v
= y:CIJv(X)+C2‘J—v(X)

VALY
I, (x)=(-1)"J,(x)
&S ()" E)
;mlr(m n+1)
1
(= n+1)_0 F{[m 012,..,(n-1)
= m-n+1=0
= m=n-1
= I'(0) >
1
= ——-0
'(0)
D"
(0= Zm'l“(m n+1)
m—>:s+n ® (_1)s+n (5)25+n
S (s+ni(s+n-n+1)
( 1) ( )25+n
=0 )zr(s+n+1)s'
=(-1"J,(x)
v=n > J_i(x) f[l\]n(x),?ﬁ'\‘[‘gkﬁll%f&

= f17f*second solution

1B F
Neumann-function N,

W(X) = J,cosvr—J_ (x)
sinvz Hn0

vﬂ%&‘@\’f’ sinnz =0 > cosnz =(-1)"
3,00 =(-D"3,(x)

Yv (X) _)0_ ©
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ex : XY +xy'+(x*-v?)y=0 = y=cJ, (X)+C,N, (x)
Pt Y+ 0’y =0
= y=C,Ccosmt+C,sinwt

Hankel functions ( Bessel function of the third kind ) :

H.Y (x) = 3, (%) +iY,(x)
H? () =3,() =Y, (x)

J,(X) X—Licos(...)

Jx
1 .
N, (x) x:lﬁsm('”)

HO(x) > ie‘(""

X—o0 X
2n , 1
1. ‘]n+l(x)=7‘]n(x)_‘]n—1(x) 2. ‘]n(X)ZE[Jn—l(X)_‘Jml(X)]
3. XJ2(X) =, (0 — X3, (%) 4. X3 (0= X354 (X)~nJ, (%)
5. L 1x"3, (01 =x"3,.,(x) 67 L Ix 3,01 = —x"3,.(%)
dx dx

Bessel fr{%aT :

Generating function ( % ¥ 5{E)

X L

Fixt)=e2' " = 30700t

F(xt)=e? e 2 = [i &) tr—!][i D) t?]

(DR

-S

r=0 5=0 rist
(_1)5(5)25”1
iw 2 ] r-s=n->r>0s>0
_n:_wszo (s+n)ls! r=s+N>nN=r—s>—c<N<o
= 2.3,00t"
N=-00
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Recurrence relation :

© FOEES = Jnfl(xmml(x):@an(x)

X

JCORLE Z.O:Jn(x)t”—‘i‘2 ' ()( iz 33, 00nt™

= ZJ OO)t" + ZJ ()" 2 = ZJn(x)nt”‘l

= tn -+ ﬂ:g\f
2n
= ‘Jn—l(x)+‘]n+l(x):7‘]n(x)

@ FXGO)EX T = J,,(0)=3,,,(x)=23](X)
d v v
—[X J, ()] =x"J,4(x)
i (_1)m (X)2m+2v
dx &= 2°™" . mlC(m+v +1)
( 1)m 2m+2v-1
222m+v—l m|r(m+v)
=X ‘]v—l(x)

—[X J,(¥)]=

i[x‘VJV (X)]=-x"J,.,,(x)
dx

ex : Fraunhofer Diffraction
a2z I cos a

cszo _[O e *?rd 9dr =j 2723, (or)rdr

27r

=57 % I J, (X)xdx
2z
gred i [xJ (x)]dx
2
bﬂ xJ, (X)|s
2 a
=b—’2’aJ1(ab)|0

Legendre’s equation :

(L-x2)y"=2xy'+n(n+1)y=0
= X= il”éj single point

Let y= iamxm
m=0

= (1-x*)> m(m-1)a x"?-2x> ma x"*+n(n+1)> a x" =0
m=2 m=1 m=0
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X, 8 = 2a, +n(n+1)a, =0
X, (78 = 6a,+[-2+n(n+1)]Ja, =0
_(h—=m)(n+m+1)
(m+2)(m+1)
n(n Tl) <+ (n— 2)n(n4;t1)(n +3) <+
(n=)(n+2) 3t (n=3)(n=1)(n+3)(n+4) & 4
3 51
x> x° 1, 1+x
n=0 = y,=X+—+—+...==In—
3 5 2 1-x
x=1 y, > ©
X=-1 vy, >—o

= am+2 =

Y1(X) =1-

Y, (X) =X~

R o JVRERY
n= mEﬁ » A ElET E T (cut off)
{B@Tﬁ Ry 21N

Legendre’s polynomials (functions)

P, (x) =1
R(X) =X

P00 =5 (3¢ -1)
P(x) = % (5x° —3X)
P,(X) :%(35x4 _30%% 43)

P,(X) = % (63x>—70%> +15xX)

PERT (1) Py (X)) = Py (X) cvvveevvveeennn...€VEN fUNCtion
P (X)) =Py (X) e odd function
(2) P (x)= 1 d [x*=1]"........ Rodrigue’s formula
2" . nldx"

(3) orthogonal (~% )
1 2
P (X)P.(x)dx =——S_,
L » (0P () on+1 ™
(4) generating function
1 .
F(x,n)=(1-2xu+u?) 2 =ZPn(x)u”
n=0

Let t=2xu—u?
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1 (—*)(—*) (—*)(—*)(—*)
w2 Lo, 20 27 2
1-1)2=1 2( t) + - (-t)% + 3! ()% +..

o () Do (—;—m+1)
m=1 m!

~143 T O e

©oem)l .,
:1+m2—( )’ (t)

t" = (2xu—u?)" (x+y)" =Zm:(r:)xm_nyn
N m-j i m —L
JZ_:;[ J(qu) (-u) [nJ_(m—n)!n!

=2

(=D’ -mk2x)"™ .
j=0 '(m_J)!

0"

® i mio
=SS BRI (=m0
m+j»j=k=0>m=n-k>0

]
e (D @n-2kx
F(X,U)=nzz(;[k2:(; 2n,(n_k)!-k!-(n—2k)!u ]

Ock<n—k (. —jZO)’n—kZO’OSZkSn’kg[g]
ex: V(F)_ e(r) d3 '
|*1~f|_ l m=( - qq')z
r-r = = = =Nn12
[(F-7)-(F-7]?
= !2; 91 ’UE%’XZCOSS
r[1+r rrcos 2rr'cos ,;
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S (FOu) =)
(1-2xu+u?)2 (1-2xu+u?)?
1< h
=F§PH(X)U
:i% | p(f‘")i P, (u"d’r’
] paN
,
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