\ector Analysis

3
a= (31!3-2!33) =aq€ +a,6, +a,e; = zaiei =

i=1
( Einstein convention )
e =(10,0) - e,=(0,,0) > e,=(0,0,2)...... Hi b [F[JEE

Scalar product (doc - inner)

L
define : &€, =9, ={O :ij (e 15D

(6 * kronecker delta)

Z

éﬁl‘lﬁli

B RES

A-E:(Zaiei)-(ijej) :ZZaibjei e, :ZZaibjdij :Zaibi =ab +a,b, +ab,

3 3

> ab = ) a,b, (i ~j: dummy index)

i=1 f

Cross product ( exterior)
define : e xe; =Y &8 = &8
k

1
Levi-Civita Symbol-* &, = 1-1 Ex1z = E1zp = Ean
0 HPE g,

S1p3 = €31 = €3

= &3
€ X6, =€ =-€, x¢

€, X€; =€/=-6; X8,

€, X8 =6, =€ X8

e xe=€,xe,=¢e,xe, =0

AxB=(Q ae)x (X be) =2 > abexe; =3 >ab (> se,)
:ZZZgijkaibjek

& & &
=g a4, &
b, b, b

= (azbs - asbz)el + (a3b1 - aibs)ez + (a1b2 - azbl)es
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a a
I A
b2 b3 bl b3 bl b2
ex : A=(1,0,-1) - B=(2,1,3)
el e2 e3
= AxB=[1 0 -1=(1,-51)
2 1 3
ex: C=AxB = ‘Axé‘:ABsinS
- 2 - -
= |AxB| +(A-B)* = A’B? (A=|A)
C-A=A.C=A-(AxB)
a & 4 & a &,
= e +ae € )- e — e e
(a11+ 22+a3 3) (b2 b3 1 bl b3 2+b1 b2 3)
a & 4 & a
= -a a
b, b % b % by
a a &
=la, a, a,)=0
bl b2 b3
ik
GZAXEZ'A& A A= (AB,—AB,)i+(AB —AB;)j+(AB, - AB)k
B, B, B,
=CP+C,j+Ck

‘Ax E‘ A+ &

Triple scalar product

d-(bxc)= Zai (EXC)i = Zai (Zzgijkbjck) = Zzzgijkaibjck

Triple vector product
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~
X <>°<>¢
Ol —
Il Il
~ ~
D Q)

pf : [éx(Bxé)]l = a2(5><6)3 —a3(6><6)2

=a,(bc, —b,c,) —a,(b,c, —bicy)
= (81C1 +a,C, + aSCS)b]. - (a1b1 + azbz + a3b3)01
=(a-C)b - (a-b)c,

. dx(bxC)=(a-c)b—(a-b)c

CiikEimk = é‘ilé‘jm _é‘imé‘jl

[(@x 6) xC], = Sijk (ax 6)jck = gijkgjlmalbmck
= _gikjglmjalbmck = (61 %km — GO ) A0, C
=—(ab,c,—abg) =—(b-€)a +(&-)hb,

= V, xT \
v B =t oo o B =,

ex:%‘ﬁq,ﬁ 472_1 2 12 2
12
lfz =0, (V, x él) = f_;%vz x (V, xT;,)

V, x (V, xT,) =V, (V, - T,) = T, (V, - V)

F=0(%xB,) Yl qlcjz Vi x (VX Ty ) = _lfz
4 r

Vi X (Vg xTyy) =V (Ve Ty ) — Ty (V; - V)

L TESTS L E
= f S R WA RIE, I,

- -V,

G F

ex : (@xb)-(€xd)=(a-c)(b-d)—(a-d)(b-c)
%A =c[d x(axb)]
=¢[a(b-d)-b(a-d)]
(é-é)(5~5)—(é-5)(5*6)=f[

¢

4
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ex : rotational motion

- 1
E ==m(&xr)?
2( )

:%m[wzrz —(@-7)?]
1

Em(ZZa)ia)irjrj—
i

%mZ(éijr2 g
i

2

za)iria)jrj)
i

lij

%ZZ[m(é}jrz - rirj)a)ia)j

ro.r.)

1
Em(a)a)jrz i0;l;

i —

%m(rzﬁij —tr)oo,

=1,

( = i
ex : (Axb)x(@€xd)=[a-(bxd)c—[a-(bxc)]d
%7 =¢[(@xb)-d]-d[(@xb)-c]
=[a-(bxd)]c—[a-(bxc)]d
18 R By
Gradient (1% )
scalar field
do(x,y,z) = p(X+dx y+dy, z4 dz) < 4(X, Y, 2)
_ 99 4y 9? gy + 99 _
=¢(X, Y, Z)+(8x dx+ oy dy + e dz+%b..) (X, Y,2)
2 (09 0 04y
_(ax’ay’ﬁz) (dx, dy, dz)
=V¢-dr
vo (0@ @
oX oy oz

V¢ gFuRIE > Geometrical properties of V¢
(1) V4 = P(xy, 2) =Hiki
(2) V¢ I ¢ B R Y )
pf: (1) dg=0 =PI gId=c
—Vé-di =0
=V¢ Ldr
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L PRV I g=c

(2) dg=g,—¢,=V¢-df =|Vg||dF|cos I
9=0>cos0=1 > max
. |dF| min

V¢ il;l%¢¢‘ El;l [,UAZ%KEJ\EIU_}U”E[J

& h\\‘irl_]
o “‘xv L
1
ex: g=(xX*+y*+2z°) 2 (a) Voir(L23)
(0) |Vl 7 (12,3
op 0¢ Of
a Vv
(@) Vo= (8 Y 82)
8 3
?:—E(x2+y2+zz) 2.2x =—X(X*+y?+2%) 2 =— ! .
" (14y°
. 1 2 3
142147 147
1
142 1
(b) |V¢|=_§=ﬂ
142
ex i ZRxX 4y 428 =1 P Féﬁ(i 11 RN
e e
Let ¢=x"+y*+2°
2 2 2 VEIEpE ] 1 1
\% 2X,2Y,21 — =) = (===
¢(Y)(f33) (333)
1 1 1

If (x—

B ET R R
= x+y+z:\/§ ...... P%ﬁf{fjfﬁj‘r&'l
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ex : electric potential V = L 9, e__w . F=(xY,2)
Are, ¥

or or Xy z, 1 r .
Vr=Vx2+y?+2? =(——,—,—)=(=,2,9)==(x,y,2)=— =T
y (8 8y az) (r r r) r( y.2) r

w- vy L (——) -

47r0

ex : f=2x"+3y*+2°7 (2,1,3) ¥} U = (1,0,-2) fiv Y[y~ (directional derivative )
vi |(2,1,3) = (4x,6y, 22)|(213)

%

- (8,6,6)- (-

(2,1,3)

R

|Vf |c058

_4
5"

df _oF
ot
dF _OF  Ox & dy0herdz 0 =
dt ot dtox dt-oy dt oz
oF
=~ (V<V)F
of (V<V)

ex : avector field F(x, y,2).

+(V-V)F

& R s
\7 = (VX’Vy!VZ)
ov
voge M Ny OV,
ox oy oz

J=pV ( J : current density : flux &)

[J1= (# : FfORLETEL - FeBl R

m? -sec
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G

rate of flow out | agcp = PVy | v dYdz =[pv, |x:0 +

rate of flow out |.qq,

=Xyf]

0+2) = 2% vz
OX

%,_/
X=X [l A
R y A 2
net flow out (per unit time) =[V - (pV)]dxdydz
o HT b P e T A
V- (pV) = i L

lim
dr—0

6(pvx) | dX+
x=0

= PV, | o (OYOZ) o

ex:

(x,y,2)= xx+yy+zz
F

r=
V- 1+1+1=3

ex:

V-(fV)—(Vf)V+f(V-\7)
v(fV)——(fV)+8y(fV)+ (fv,)

of oV, of ov, of
=—V, + +f4+
ox OX_ "0y v oy oz

= (VE)U+ f (V)

Z

ov

v+ f—2

0z

ex : r=rluf=

'1|'1l

V(r"D) =V (") = (V") T+ "NV -T)

=(n-Dr"2f.r+3r"*

=(n-2)r"* r+-2

ex : V-(@xb)=b-(Vxa)-a-(Vxb)

V.(axb)=0,(axb),
=0, (&a;by)
= &, [(9;3;)b, +a,;(9,b,)]
= &, 0,0, —&;a,0,b,

Doz e-mmyes
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Curl (b= ) Vxv

B PrE A
Circulation (ZEE!) E@V-df (V:vxi+vy]+vzlz »dl =dxi+dy])
= [ v O y)dx+ [ v, (6 )y + [ v, (6 y)(=d) + v, (x, y)(=dy)
dx,dy—0

= V. (X, y())dx+[vy(x0,y)+§vy L dxt]

O+ S, 0T b V) )

ov
= (_y — %)dxdy
ox oy

= (V xv), dxdy

h=dlvorticity

A

(xo,vot+dy) 3 (xot+dx, yotrdy)

4 %

(x0,30) 7 (xotdx, yo)

Py
L

ex : — b= AU L EEED Fi=(X, ¥,0) = (rcos 4, rsin 4,0)
r=El > 0=k

ar

v =5 (=rsin'9d,rcos06,0) = (—yw, xw,0)
5
V-r=2
V-v=0
ik
ox oy oz
x y 0
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ex :

Vx (V)= f(VxV)+VfxV

<5}EJZLL> :

[Vx (V)] = &;.0,(V), = &,0,;(fv)
=& [fov, +(9;F)v,]
= f(VxV), +[(Vf)xV],

Vx (V)= f(VxV)+Vfxv

(v Z)—i(fvp

0

Vx ()], =—

[V x(fV)], &

of ov, of 8vy
—V

oy

= (VI xV), + f(VxV),

ex :

Vx(f(F)F):O

< Qo —

Vx (fF) = f(Vx r)+yf/>/°=o

ex :

ax(Vxb)= v (@ b)(a:V)b

[aX(VXb)]i & gijkaj (VXb)k
:gijkgklma.a b,
= (é‘ilé‘jm im Jl)a a b
=a;0b;—a;0b

— éx(Vxé):%V(é-é)—(é-V)é

ex :

V(@-b)=(b-V)a+(a -V)b+bx(Vxa)+ax(Vxh)

dx(Vxb)=V_(a-b)-(@-V)b ....... (1)
bx(Vxd)=V,(a-b)-(b-V)a....... 2)
(1)+(2) = ax(Vxb)+bx(Vxd)=V(3-b)-(3-V)b—(b-V)a

ex :

Vx(@xb)=(b-V)a—(a-V)b-b(v-a)+a(v-b)
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[Vx(éxg)]i = 5ijkaj(§><5)k =& 0; (EqmaDy,)
= &m0 (80,)
:(é‘ilé‘jm_é‘imé‘jl)[(éjal)bm—'—al (ajbm)]
:(Vjai)bj —(Vjaj)bi +ai(ijj)—aj(iji)
=(b-V)a, —(V-a)b +a,(V-b)—(a-V)b
=(b-V)a—(a-v)b-b(v-a)+a(v-h)

ex : electric dipole V= 1 P-sr
Arey T
A
ki
A R
E=-VV
1 P
-V
(47u90 ré )
o r N 1 8 =0 — - =0 —
=—41 V(P-%) (HI7|V(@-B)= (B-ATE +(@ V)b + Bx(7x8) +ax(Vxb))
e,
1 . r — r
e, r r
1 I5r2—3(|5-F)F]
4re, r°
1 3r(F-p)-P
- [ 3 ]
4re, r

(P9 =PV ) =pv. (%)
r r r

P.o. 3r
e pp
Pr’-3prr,
=—— 1
r5
ex : magnetic dipole A(r):ﬂmir
dr r
B=VxA :ﬂvx(mx%) :ﬂw
A r A r

By vX(aXB)=W20—(a-V)B—MZO+a(v-B)
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and a=m > b=
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ex : two dimensional flow V =U (X, y)i—V(x, y)]

imcompressible = V-V =0
irotational = VxV =0

UV _y U

yv-—g MV

= =
ox oy ox oy

o) U _
OX oy -

VxV =0 0 =

o oV U

oX OX ox oy oy

2 2
&+ % yu-o

ox® oy

o

(y‘l‘y)v :O

_68_\: ( Couchy-Riemann condition.)

ex :

2 2
v-v¢=v2¢=(§ 0

62
X2 " oy? " az2)¢

ex :

V.(VxV)=0

Vi(VxV), =V, (VM)

= &5 ViV (= &3,V ViV, Hﬁ%ﬁﬁﬁ L=, 0 il = £

= —5”.kViVJ.Vk =0

ex :

Vx(Vg)=0

[Vx (V)] = &xViVip=0

ex :

Vx(VxV)=V(V-V)-V¥

[Vx(V XV)]i =&V 4% X\7)k
=&Y (€anV Vi)
= (é}lé‘jm _é}mé‘jl)vjvlvm
=V,V\V, -V, V)V,

=V(V-V)-VV

ex

: Maxwel equation

Doz e-mmyes
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V-E=0 VxI§=£0,uoa—E
=0 at 4 I = —

g CHAR PEYXE-0)

ot
L I

@O Vx(Vx E)z—%Vxé

V.-B=0 VxE-=

=0 -0 OE 1 : 1
= V(¥ —V2E =—— (& 1ty — e =— = c(h iy =
(VE/ ) at( O/'JO 6t) ( Oﬂo C2 ( @) m)
2
N vzé_ciz%ﬁzo

@ Vx(Vx g):goyOVx%

=0 -~ 106, 0B
= V(¥B )-VB=——(——
( ) czat( 6t)

1 0% 5

= VZB)_T?B:O
C

line integral
[pdr > [V.dr > [Vxdr

. b=
ex : Conservation Force jo F.dr

@ independent of path

@ §F-dr=0

® F=-v¢

@ VxF =0 (stoke’s theorem)

ex 1 F =(xe’,ye?, ze")

VxFE %0
B

Doz e-mmyes 5586 &1
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2 2
ex : §rxdr=2 C=?+;’—=1 . F = (acos,bsin ,0)
dr = (—asinddéd,bcos8dg,0)
dr
i j k

rxdrf =| acosé bsing 0| =abdok
—asingddd bcosgdd 0

~ 2r
gerdr-:kabjo de
= 27rabk = 2x (AR )

surface integral
[pdG > [V.d6 > [Vxds

ex : QD:IE-d&

O : fEpjEH magnetic flux

ex: F=(x,y,2) > i X2 +V2 472 =4 F> ”If-d&:?
F.d6=F-fdo
=(rP)rdo-=rdr
[[F-de=[[rdo=[](2)do =2x(47(2)*) =327

n=t

\olume integral
J‘\7-dr :?J.der+ ]IVydr+ IQJ‘VZdT
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Gauss’s Theorem
jvv-vdr :L\7~d0'

= Z V.dé=V-Vdr

six surface

= z V.d& = Z V-Vdr
exterior volume

= LV-d&:jvvvdr

Alternate forms
(1) Ld&x P =ijx Pdr

V=axP a: Eﬁxﬁfj’gﬁf‘.@
pf @axﬁ-d&:jv-(axp)dr
N gSﬁxda-a:—ja-(vXp)dr

— =0
= a[[Pxdé+v=pdr ]=0

= Ld&xﬁzijx Pdr

(2) js¢d6=IvV¢dr
V =¢a a: Eﬁ’aﬁfjﬁﬁmﬁi
pf = § pa-d6 = [V (pd)d7
=N gSSgoa.d&:j(w)-adr
= adodefvadr =0

= L(pd&zJ.VVgodr

Z

AR e g msp s

by V- (@x P)= P (%<3 )-a-(VxP)

by V-(pa)=Ve-d+p¥a

ex-. Green’s theorem
j(uvzv ~VVU)dr = j(uvv ~VVU)dé&

FIHV-UVV)=UVY +VU -VV
V-(VVU)=VV«U +VV -VU
U V- (UVV -VVU) =UVY -V VAU

Stoke’s Theorem

Doz e-mmyes
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$V-di=|vxV.d&
= YV di=VxV-dG.......... UGB T S L]
BE A = ZV dl= ZVXV-d&

R F"T*J
A0 ]

- gSV-dZ:ijV-d&

ex : magnetic flux

jé-d6:ijA-d&

= Add (if A RLHIEeIED
=0
=A-(27R) ..ocooiiii (ﬂ%&"bﬂﬂjl’ﬂ! )
Gauss’s Law
E=_19 Lz
e, 1
r
E-do —
(JS 7" C-‘547&90 2
V- (—
47&90'[ ( ) ‘
S J‘vzl
4re,
=279 5(ryde
€y
- O\ vy = _azs(r))
&, r

Dirac delta function

o, X=0
o(x)=
&) {O,X;éO

- j”; S(x)dx =1

pf ||m5(x)_||ml id
g0 07 X +g

2
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X
1= ¢ 1 95
i e 2dX:— . X
T X +& VA 1 (7)2
~LiantX
Vd el
ex: x-6(x)=0 ‘

ex : BT i 7L e(F) =2 |

e(r) =qo(r - 1)
[e(ydz = [as(r —,)de

-l
=
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